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Section A: Pure Mathematics [40 marks]

2
Given that the curve y = ax+—b>l<+c =f(X) passes through the points (-1, —3),
X —
(%,—%) and (5,3—23j , find the values of a, b and c. [3]

Hence find the exact range of values of X for which the gradient of y = f(X) is positive.

[3]

The functions f and g are defined by:

f:XH|aX—X2, xeR

g: X ae " +1, x>0
where a is a positive constant and a>5.
(i) Sketch the graphs of y = g(x) and y = f(X) on separate diagrams.
Hence find the range of the composite function fg, leaving your answer in exact
form in terms of a. [5]

(ii)  Given that the domain of f is restricted to the subset of R for which x > k,
find the smallest value of k, in terms of a, for which f' exists. Hence,
without finding the expression for f™'(X), sketch the graphs of y = f(x) and
y =f"'(X)on a single diagram, stating the exact coordinates of any points of
intersection with the axes. [3]

(iii)  With the restricted domain of f in part (i), find with clear working, the set of
values of x such that ff™'(x)=f"f(x). [2]
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A student is investigating a chemical reaction between two chemicals A and B. In his
experiments, he found that the reaction produces a new product C which does not react
with A and B after being formed.

His experiments also suggest that the rate at which the product, C is formed is given by
the differential equation

dx
e — b— R
it (a—x) X

where a and b are the initial concentrations (gram/litre) of A and B just before the
reaction started and X is the concentration (gram/litre) of C at time t (mins).

(i) If a=b =9, solve the differential equation to show that

Xx=9-—2" [4]

(i)  Sketch the graph of X and describe the behaviour of X as t increases. Find the
amount of time needed for the concentration of C to reach 4.5 gram/litre. [3]

It is now given that a > b instead.

(iii)  Solve the differential equation to find t in terms of X, @ and b by using the
substitution U= 1/b—x for 0 <x<bh. [6]

The illumination of an object by a light source is directly proportional to the strength
of the source and inversely proportional to the square of the distance from the source.

A small object, P, is placed on the straight line passing through two light sources A and
B that are eight metres apart. It is known that the light sources are similar except that S,
the strength of light source A, is a positive constant and is three times that of light source
B. It can be assumed that I, the total illumination of the object P by the two light source
is the sum of the illumination due to each light source.

The distance between the object P and light source A is denoted by X.

(i) Show that when P is between A and B,

o a(pox)

a and [ are constants to be determined. [1]

1 1 . ..
I = kS {—2 + —} where K is a positive constant and,

(i) Show that there is only one value of X that will give a stationary value of I.
Determine this value and the nature of the stationary value without the use of a
graphic calculator. [5]

2
It is now given that | = Ax_ —a8x+ 192 for 0 <x <8&.

xz(x2—16x+64)

www.KiasuExamPaper.com
52



(iii)  Sketch the graph of I, indicating clearly any equations of asymptote and
coordinates of the stationary point. [3]

(iv) It is desired to place P such that I = \J2—(x—X, )2 where X, is the value of X

found in part (ii) and A is a positive constant. Find the value of 4 if there is only
one possible position to place P. [2]

Section B: Statistics [60 marks]

Greenhouse gases generated by Singapore comes mainly from the burning of fossil
fuels to generate energy for industries, buildings, households and transportation.

The following table* shows the total greenhouse gas emissions, X (kilotonnes of

CO>), and the total deaths in Singapore, Y from 2007 to 2016.

Year 2007 | 2008 2009 | 2010 | 2011 2012 | 2013 2014 | 2015 2016
Total 42613 | 41606 | 43100 | 47063 | 49930 | 48712 | 50299 | 50908 | 51896 | 51519
Greenhouse
Gas Emissions
X)
Total Deaths | 17140 | 17222 | 17101 | 17610 | 18027 | 18481 | 18938 | 19393 | 19862 | 20017
(Y)

*Extracted from www.singstat.gov.sg

(i) Draw a scatter diagram for these values, labelling the axes and state the product

moment correlation between X and Y. Use your diagram to explain why the best
model for the relationship between X and Y may not be given by Y = aX + b,
where a and b are constants. [3]

(i) Comment on the correctness of the following statement.

“Since there exists a high positive linear correlation between total greenhouse
gas emission and total deaths, the deaths are a result of the greenhouse gas
emissions.” [1]

(iii)  Explain clearly which of the following equations, where a and b are constants,
provides the more accurate model of the relationship between X and Y.

(A)  Y=ax*+b
(B) lgY=aX+b 3]

The Government has pledged that Singapore’s greenhouse gas emissions will peak
around 2030 at the equivalent of 65 million tonnes of carbon dioxide.

(iv)  Using the model you have chosen in part (iii), write down the equation for the
relationship, giving the regression coefficients correct to 5 significant figures.
Hence find the estimated total deaths in the year 2030 if Singapore’s pledge is
fulfilled and comment on the reliability of the estimate. [3]

[Turn Over

www.KiasuExamPaper.com
53



Birth weight can be used to predict short and long-term health complications for babies.
Studies show that the birth weight of babies born to mothers who do not smoke in a
certain hospital can be assumed to follow a normal distribution with mean 3.05 kg and
variance o kg’.

The hospital classifies babies based on their birth weight as shown in the table below.

Birth weight Classification
Less than 1.5 kg Very low birth weight
1.5kgto2.5kg Low birth weight
2.5kgto4.0kg Normal birth weight
More than 4.0 kg High birth weight

(i) A sample showed that 20.2% of the babies born to mothers who do not smoke
have low birth weight. If this is true for the entire population, find two possible
values of o, corrected to 2 decimal places. Explain clearly why one of the values
of o found should be rejected. [4]

Studies also show that babies born to mothers who smoke have a lower mean birth
weight of 2.80 kg.

For the remaining of the question, you may assume the birth weight of babies born to
mothers who smoke is also normally distributed and that the standard deviations for the
birth weight of babies born to mothers who do not smoke and mothers who smoke are
both 0.86 kg.

(i) Three pregnant mothers-to-be who smoke are randomly chosen. Find the
probability that all their babies will not be of normal birth weight. State an
assumption that is needed for your working. [3]

(iii) Find the probability that the average birth weight of two babies from
mothers who do not smoke differs from twice the birth weight of a baby from
a mother who smokes by less than 2 kg. [3]

Babies whose birth weight not classified as normal will have to remain in hospital for
further observation until their condition stabilises. Depending on the treatment received
and length of stay, the mean hospitalisation cost per baby is $2800 and standard
deviation is $500.

(iv)  Find the probability that the average hospitalisation cost from a random sample
of 50 babies, whose birth weight not classified as normal, exceeds $3000. [2]
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Three cards are to be drawn at random without replacement from a pack of six cards
numbered 0, 0, 1, 1, 1, 1. The random variables X, X2 and X3 denotes the numbers on
the first, second and third card respectively.

(i) IfY =X1 — X2+ X3, show that P(Y=1) = % and find the probability distribution

of Y. [3]
(ii) Find the values of E(Y) and Var(Y). [2]
(iii)  Find the probability that the difference between Y and E(Y) is less than one

standard deviation of Y. [2]

A factory makes a certain type of muesli bar which are packed in boxes of 20. The
factory claims that each muesli bar weigh at least 200 grams. Muesli bars that weigh
less than 200 grams are sub-standard. It is known that the probability that a muesli bar
is sub-standard is 0.02 and the weight of a muesli bar is independent of other muesli
bars.

(i) Find the probability that, in a randomly chosen box of muesli bars, there are at least
one but no more than five sub-standard muesli bars. [2]

The boxes of muesli bars are sold in cartons of 12 boxes each.

(ii) Find the probability that, in a randomly chosen carton, at least 75% of the boxes
will have at most one sub-standard muesli bar. [2]

As part of quality control for each batch of muesli bars produced daily, one box of
muesli bars is randomly selected to be tested. If all the muesli bars in the box weigh at
least 200 grams, the batch will be released for sales. If there are more than one sub-
standard muesli bar, the batch will not be released. If there is exactly one sub-standard
muesli bar, a second box of muesli bars will be tested. If all the muesli bars in the second
box weigh at least 200 grams, the batch will be released. Otherwise, the batch will not
be released.

(iii)Find the probability that the batch is released on a randomly selected day. [2]
(iv) If the factory operates 365 days in a year, state the expected number of days in the
year when the batch will not be released. [1]

To entice more people to buy their muesli bars, a scratch card is inserted into each box.
The probability that a scratch card will win a prize is p. It may be assumed that whether
a scratch card will win a prize or not, is independent of the outcomes of the other scratch
cards.

Jane buys a carton of muesli bars.
(v) Write in terms of p, the probability that Jane win 2 prizes. [1]

The probability that Jane win 2 prizes is more than twice the probability that she win
3 prizes.

(vi) Find in exact terms, the range of values that p can take. [2]
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In preparation for an upcoming event, a student management team is considering having
meetings on this Friday, Saturday and Sunday. The probability that the meeting is

o1 . .
conducted on Friday is 3 On each of the other days, the probability that a meeting is

. . .2
conducted when a meeting has already been conducted on the previous day, is 5 and
the probability that a meeting is conducted, when a meeting has not been conducted on

: 1
the previous day, is 3

Find the probability that

(i) a meeting is conducted on Sunday, [3]
(ii) a meeting is not conducted on Friday given that there is a meeting on Sunday.

[3]

The student management team consists of 7 girls and 3 boys. At one of the meetings,
they sit at a round table with 10 chairs.

(iii)  Find the probability that the girls are seated together. [2]
Two particular boys are absent from the meeting.

(iv)  Find the probability that two particular girls do not sit next to each other. [3]

Along a 3km stretch of a road, the speed in km/h of a vehicle is a normally distributed
random variable T. Over a long period of time, it is known that the mean speed of
vehicles traveling along that stretch of the road is 90.0 km/h. To deter speeding, the traffic
governing body introduced a speed monitoring camera. Subsequently, the speeds of a
random sample of 60 vehicles are recorded. The results are summarised as follows.

St=5325 > (t-t) =2000.

(i) Find unbiased estimates of the population mean and variance, giving your answers

to 2 decimal places. [2]
(i) Test, at the 5% significance level, whether the speed-monitoring camera is effective
in deterring the speeding of vehicles on the stretch of road. [4]

(iii) In another sample of size n (n > 30) that was collected independently, it is given that

t = 89.0. The result of the subsequent test using this information and the unbiased
estimate of the population variance in part (i) is that the null hypothesis is not
rejected. Obtain an inequality involving n, and hence find the largest possible value
N can take. [4]
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